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Static deflectionA B S T R A C T
An analytical solution is obtained for the 3D static deflection of variable stiffness composite beams subject to
non‐uniformly distributed loads. Governing differential equations with variable coefficients, reflecting the spa-
tially variable stiffness properties, are presented in which four degrees of freedom are fully coupled. The gen-
eral analytical solution in integral form is derived and closed‐form expressions obtained using series expansion
approximations. The static deflection of a number of variable stiffness composite beams that can be made by
fibre steering are considered with various stacking sequences. The results obtained from the proposed method
are validated against numerical results from the Chebyshev collocation method and excellent agreement is
observed between the two. While the proposed methodology is applicable for variable stiffness composite
beams with arbitrary span‐wise variation of properties, it is also an efficient approach for capturing the com-
plicated 3D static deflection of variable stiffness composite beams subject to non‐uniformly distributed loads.1. Introduction
Variable stiffness non‐uniform structures have found many applica-
tions in real‐life engineering designs such as modern high aspect ratio
aircraft wings, helicopter rotor blades and wind turbine rotor blades as
well as other slender beam‐like structures. Thus, it is important to
develop appropriate models capable of capturing the complicated
behaviour of variable stiffness non‐uniform beams under various load-
ing conditions, accurately and efficiently. Undoubtedly, closed‐form
analytical solutions offer reliability for benchmarking purposes and
as preliminary design tools.
Different strategies can be employed to achieve variable stiffness
properties for beams including the span‐wise distribution of material
properties (e.g. by gradation of material or by using fibre steering),
the change of geometry (e.g. by tapering the cross‐section) or by using
both strategies. Consequently, tapered beams, axially or bidirectional
graded beams and beams made by fibre steering are considered as
variable stiffness beams.
In the framework of anisotropic non‐uniform variable stiffness
beams, using the state space‐based differential quadrature method,
Lü et al. [1] proposed a semi‐analytical approach for bending and ther-
mal deformations of functionally graded beams with exponentially
varying Young’s modulus along the thickness and longitudinal direc-
tions. Shahba et al. [2] obtained exact shape functions for the static,stability and free vibration analysis of axially functionally graded
plane beams. Using the power series method, Nguyen et al. [3] pro-
vided closed‐form expressions for the static response of tapered axially
functionally graded beams. Zhao et al. [4] obtained elasticity solutions
for bi‐directional functionally graded beams using the symplectic
approach. Based on Euler‐Bernoulli theory, Pydah and Sabale [5] pre-
sented analytical solutions for the in‐plane bending of statically deter-
minate bidirectional functionally graded beams with circular cross‐
section. Pydah and Batra [6] found analytical solutions for the static
deflection of circular bidirectional graded shear deformable beams.
Sachdeva and Padhee [7] using the variational‐asymptotic method,
obtained closed‐form analytical solutions for the nonlinear response
of bidirectional functionally graded cylindrical beams. Soltani and
Asgarian [8,9] provided exact stiffnesses for the static and buckling
analysis of axially and bidirectional functionally graded Timoshenko
beams. Introducing an auxiliary function, Huang and Ouyang [10]
obtained exact solution for bending of two‐directional functionally
graded Timoshenko beams subject to uniformly, non‐uniformly dis-
tributed and concentrated loads.
A number of works considered numerical solutions for the variable
stiffness beam problem. To name just a few, Karamanlı [11] used Sym-
metric Smoothed Particle Hydrodynamics method (SSPH) to solve the
in‐plane static deflection of bidirectional functionally graded beams. Li
et al. [12] considered the bending, buckling and vibration of plane axi-
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ture method (DQM). Xie et al. [13] solved the static and free vibration
of plane Euler‐Bernoulli beams using an integrated collocation
method. Günay and Timarci [14] provided finite element analysis of
variable stiffness thin‐walled laminated composite beams with closed
cross‐sections made by fibre steering. Employing the Ritz technique,
Ai and Weaver [15] studied the static response of sandwich beams
with a combination of geometric taper and variable stiffness of the
core. Based on a unified formulation, Zappino et al. [16] considered
the static analysis of tapered thin‐walled composite beams using finite
element method. Macquart et al. [17] proposed enriched beam ele-
ments for variable stiffness beams to enhance the accuracy of static
response. Using the finite element method, Rajasekaran and Bakhshi
Khaniki [18] investigated the static and dynamic behaviour of non‐
uniform size‐dependent axially functionally graded beams. Yu et al.
[19] proposed the isogeometric analysis (IGA) for bending and free
vibration analysis of two‐directional functionally graded microbeams.
A more comprehensive bibliography, ranging from early attempts
to more recent ones in the context of analytical solution of static beha-
viour of variable stiffness isotropic beams can be found in Masjedi and
Weaver [20].
In the context of 3D fully coupled anisotropic beams, recently,
Doeva et al. [21,22] presented the exact solutions for the static
response of composite beams with constant stiffness properties. While
Masjedi and Weaver [20] proposed a closed‐form analytical solution
for the 3D static response of variable stiffness beams under the action
of concentrated and uniformly distributed loads, to the authors’ best
knowledge no closed‐form analytical solution exists for the 3D static
response of fully coupled variable stiffness composite beams subject
to non‐uniformly distributed loads. Thus, in order to address this
important lack of knowledge, the main purpose of this paper is to
obtain an analytical closed‐form solution for the 3D static response
of variable stiffness beams subject to arbitrary non‐uniformly dis-
tributed loads. It is worth noting that compared to uniform loads, arbi-
trary non‐uniformly distributed loads are more complex and
mathematically involved which make the problem more demanding
to be solved. The Chebyshev collocation method which has been
shown to be efficient and accurate in beam problems [23–26] is also
applied as an alternative approach.
In the proposed formulation all four degrees of freedom, including
in‐plane, out‐of‐plane and axial displacements, and twist are fully cou-
pled. It is also worth mentioning that in order to keep the formulation
as general as possible, the stiffness matrix entries are expressed in
terms of the engineering constants. While the proposed method can
be used for different types of variable stiffness composite beams, the
focus of current work is on variable stiffness composite beams made
by fibre steering which has been shown to be useful for engineering
designs [27–35]. In order to further highlight the new contributions
of the current work, a comparison between this work and available
solutions in the literature are made in Tables 1 and 2.
The content of this paper is outlined as follows: In Section 2, the
governing equations of a fully coupled variable stiffness composite
beam are presented. In Section 3, using a direct integration technique,
a general exact solution is derived. In Section 4, series expansion rep-
resentation is employed in order to obtain the closed‐form expressions.
In Section 5, several benchmark test problems are considered and the
results obtained from the analytical approach are compared against
those obtained from the Chebyshev collocation method. Some conclu-
sions and remarks are drawn in the last section.2. Governing equations
Assume a straight beam of length ‘ for which the x coordinate is
along the beam longitudinal axis and the coordinates y and z define
the cross‐sectional planes (Fig. 1).2
The set of governing differential equations and boundary condi-
tions with variable coefficients for a fully coupled Euler‐Bernoulli com-
posite beam can be expressed in a compact matrix form (for more
details see Appendix A):
A xð ÞU0 þ B xð ÞW 00ð Þ0 ¼ F; ð2:1aÞ
BT xð ÞU0 þ D xð ÞW 00 00 ¼ Q: ð2:1bÞ
U ¼ 0 or A xð ÞU0  B xð ÞW 00 ¼ 0; ð2:2aÞ
W ¼ 0 or  BT xð ÞU0 þ D xð ÞW 00 ¼ 0; ð2:2bÞ
W 0 ¼ 0 or BT xð ÞU0  D xð ÞW 00 0 ¼ 0: ð2:2cÞ
where
A xð Þ ¼ EA xð Þ SET xð Þ
SET xð Þ GJ xð Þ
 
; ð2:3aÞ
B xð Þ ¼ SEF xð Þ SEL xð Þ
SFT xð Þ SLT xð Þ
 
; ð2:3bÞ
D xð Þ ¼ EIy xð Þ SFL xð ÞSFL xð Þ EIz xð Þ
 
: ð2:3cÞ
and U ¼ u φ½ T , W ¼ w v½ T , F ¼ qx qφ
 T and Q ¼ qz qy T ,
such that u is the axial elongation, φ is twist, w and v are the out‐of‐
plane bending and in‐plane bending, respectively, ðÞ0 denotes the
derivative with respect to x; qx; qy ; qz are the non‐uniformly dis-
tributed loads in the x; y; z directions respectively, and qφ is the dis-
tributed torque. Stiffness terms, EA xð Þ is the distribution of
extensional stiffness, GJ xð Þ is the distribution of twist stiffness, EIy xð Þ
is the distribution of out‐of‐plane bending stiffness, EIz xð Þ is the distri-
bution of in‐plane bending stiffness, SET xð Þ is the distribution of cou-
pling between axial elongation and twist, SEF xð Þ is the distribution of
coupling between out‐of‐plane bending and axial elongation, SEL xð Þ is
the distribution of coupling between in‐plane bending and axial elonga-
tion, SFT is the distribution of coupling between out‐of‐plane bending
and twist, SLT xð Þ is the distribution of coupling between in‐plane bend-
ing and twist, and SFL xð Þ is the distribution of coupling between out‐of‐
plane and in‐plane bending.
The derivation of closed‐form analytical solution of the system of
differential Eqs. (2.1) with variable coefficients is presented in the next
section.
3. General solution
In contrast to the uniformly distributed loads case considered in
[20] (which are constant along the beam reference line), distributed
loads are now considered to be arbitrary functions of x and as a result
while performing the integrations, loading related terms are kept in
integral form. To obtain the exact general solution of Eqs. (2.1), Eq.
(2.1a) is integrated and rearranged. The first derivative of the vector
U can be expressed as:
U0 ¼ A1 xð ÞB xð ÞW 00  A1 xð ÞFi  A1 xð ÞC1: ð3:1Þ
Substituting Eq. (3.1) into Eq. (2.1b) and rearranging it, we obtain:
D xð Þ  BT xð ÞA1 xð ÞB xð Þ W 00 þ BT xð ÞA1 xð ÞFi þ BT xð ÞA1 xð ÞC1 00 ¼ Q:
ð3:2Þ
By integrating Eq. (3.2) twice, the following expression is obtained
D xð Þ  BT xð ÞA1 xð ÞB xð Þ W 00 þ BT xð ÞA1 xð ÞFi þ BT xð ÞA1 xð ÞC1
¼ Qii þ xC2 þ C3; ð3:3Þ
Rearranging Eq. (3.3), the second derivative of the vector W is
found as
W 00 ¼ KD xð Þ Qii þ xC2 þ C3
 þ KTB xð Þ Fi þ C1 ; ð3:4Þ
where,
Table 1
Comparison of available analytical solutions for variable stiffness beams.
Theory Kinematics Cross-Section Coupling Terms
Reference EBT TBT HOT ET 2D 3D SO TW BT AT BA
[1] – – – ✓ ✓ – ✓ – – – ✓
[2] ✓ – – – ✓ – ✓ – – – –
[3] ✓ – – – ✓ – ✓ – – – ✓
[4] – – – ✓ ✓ – ✓ – – – ✓
[5] ✓ – – – ✓ – ✓ – – – ✓
[6] – – ✓ – ✓ – ✓ – – – ✓
[7] – – – ✓ – ✓ ✓ * ✓ * – – –
[8,9] – ✓ – – ✓ – ✓ – – – –
[10] – ✓ – – ✓ – ✓ – – – –
Present ✓ – – – – ✓ ✓ ✓ ✓ ✓ ✓
EBT: Euler-Bernoulli Beam Theory TBT: Timoshenko Beam Theory.
HOT: Higher Order Beam Theory ET: 2D/3D Elasticity Theory.
SO: Solid Cross-Section TW: Thin-Walled Cross-Section.
BT: Bend-Twist AT: Axial Elongation-Twist BA: Bend-Axial Elongation.
* Closed-form solutions are provided just for circular cross-sections.
Table 2
Comparison of available closed-from solutions for fully coupled composite beams.
Theory Stiffness Loading Type Solution
Reference EBT TBT Constant Variable UD NUD CT Series Exact
[20] ✓ – – ✓ ✓ – ✓ ✓ –
[21] ✓ – ✓ – – ✓ – – ✓
[22] – ✓ ✓ – ✓ – ✓ – ✓
Present ✓ – – ✓ – ✓ – ✓ –
EBT: Euler-Bernoulli Beam Theory TBT: Timoshenko Beam Theory.
UD: Uniformly Distributed Load NUD: Non-Uniformly Distributed Load CT: Concentrated/Tip Load.
Fig. 1. Coordinate system for the composite beam.


















Table 3 shows the analytical expressions of qn; qin and q
ii
n where
n ¼ x; y; z;φ, for a number of non‐uniformly distributed loads com-
monly used in engineering problems. While the proposed integrationTable 3





   ‘mπ a cos mπx‘ þ c1
anxn þ an1xn1 þ    þ a1x þ a0 annþ1ð Þ xnþ1 þ an1n xn þ    þ a12 x2 þ a0
3
procedure is valid for non‐uniform loads distributed on the full span
of the beam, it is possible to further extend this approach to cases in
which a constant load is applied to a section of the beam span by
employing singularity functions. Successive integration of Eq. (3.4),
the general solution for the vector W can be obtained
W 0 ¼
Z
KD xð ÞQii dx þ
Z





KTB xð ÞFi dx þ
Z
KTB xð ÞdxC1 þ C4; ð3:5Þ
W ¼
ZZ





KD xð ÞdxdxC3 þ
ZZ
KTB xð ÞFi dxdx
þ
ZZ
KTB xð ÞdxdxC1 þ C4x þ C5: ð3:6Þ
where Ci; i ¼ 1;2; . . . ;5, are the vectors of unknown integrating con-
stants to be determined.
The first derivative of vector U can be obtained by substituting Eq.
(3.4) into Eq. (3.1). Considering Eq. (3.9) one can write
U0 ¼  KA xð ÞFi þ KA xð ÞC1 þ KB xð ÞQii þ xKB xð ÞC2 þ KB xð ÞC3
 
; ð3:7Þ








 2a sin mπx‘ þ c1x þ c2





Number of Layers 6
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Z
KA xð ÞFi dx þ
Z
KA xð ÞdxC1 þ
Z










where Ci; i ¼ 1; 2;3;6, are the vectors of unknown coefficients to be
determined. The definitions of matrices KA;KB;KTB and KD are given as
KA xð Þ ¼ A1 xð Þ þ A1 xð ÞB xð Þ D xð Þ  BT xð ÞA1 xð ÞB xð Þ
 1
BT xð ÞA1 xð Þ;
ð3:9aÞ
KB xð Þ ¼ A1 xð ÞB xð Þ D xð Þ  BT xð ÞA1 xð ÞB xð Þ
 1
; ð3:9bÞ
KTB xð Þ ¼  D xð Þ  BT xð ÞA1 xð ÞB xð Þ
 1
BT xð ÞA1 xð Þ; ð3:9cÞ
KD xð Þ ¼ D xð Þ  BT xð ÞA1 xð ÞB xð Þ
 1
: ð3:9dÞ
Eqs. (3.6) and (3.8) present the general solutions for the 3D static
deflection of a fully coupled variable stiffness composite beam under
the action of non‐uniformly distributed loads. These expressions have
six vectors of unknown constants which are obtained when the bound-
ary conditions are given. While Eqs. (3.6) and (3.8) are in integral
form, the exact closed‐form expressions can be derived whenever the
integrands are integrable. Compared to the general solution in the case
of uniformly distributed loads presented by [20], it is observed that
more complexity is added to the integrands due to non‐uniformly dis-
tributed loads which makes it more demanding to express the solu-
tions in closed‐form. However, in order to obtain closed‐form
solutions, the next section shows that a series expansion approach
can be successfully employed. It is worth mentioning that the proposed
approach can be applied for arbitrary distributions of stiffness proper-
ties as well as for arbitrary non‐uniformly distributed loads.
4. Series expansion representation
It is not possible to guarantee exact closed‐form expressions can be
obtained from Eqs. (3.6) and (3.8) for arbitrary span‐wise distribution
of loads and stiffness properties. However, in this section a series
expansion representation is used to derive the analytical closed‐form
expressions for arbitrary smooth distributions of loads and beam stiff-
ness properties. Utilising a series expansion representation, the inte-
grands in Eqs. (3.6) and (3.8) are expressed as
KA xð Þ ¼ R0Aϕ xð Þ; KA xð ÞFi ¼ Rq
i
Aϕ xð Þ; ð4:1aÞ
KB xð Þ ¼ R0Bϕ xð Þ; xKB xð Þ ¼ R1Bϕ xð Þ;
KB xð ÞFi ¼ RqiBϕ xð Þ; KB xð ÞQii ¼ Rq
ii
B ϕ xð Þ;
ð4:1bÞ
KD xð Þ ¼ R0Dϕ xð Þ; xKD xð Þ ¼ R1Dϕ xð Þ; KD xð ÞQii ¼ Rq
ii
D ϕ xð Þ; ð4:1cÞ
where, Rβα; α ¼ A;B;D and β ¼ 0;1; qi; qii are block matrices containing
the vectors of unknown weight coefficients and ϕ xð Þ is a known func-
tion of x. Introducing Eqs. (4.1) into Eqs. (3.6) and (3.8), one can write:
W ¼ RqiiD
ZZ
ϕ xð Þdxdx þ R1D
ZZ
ϕ xð ÞdxdxC2 þ R0D

ZZ
ϕ xð ÞdxdxC3 þ RqiB
T
ZZ




ϕ xð ÞdxdxC1 þ xC4 þ C5; ð4:2Þ
U ¼  RqiA
Z
ϕ xð Þdx þ R0A
Z






















































































































where rαβnm ;α ¼ A;B;D; β ¼ 0;1; qi; qii and n;m ¼ 1;2 are the vectors of
unknown weighting coefficients which are obtained using a standard
curve fitting algorithm.
By introducing the expression of ϕ xð Þ, the closed‐form solutions are
derived from Eqs. (4.2) and (4.3). Using a power series representation,
i.e. ϕ xð Þ ¼ 1; x; x2; . . . ; xN½ T where N is the highest degree of
polynomials, we obtain






TΦii xð ÞC1 þ xC4 þ C5; ð4:5Þ
U ¼  RqiAΦi xð Þ þ R0AΦi xð ÞC1 þ Rq
ii






Φi xð Þ ¼
Z
ϕ xð Þdx ¼ x; x
2
2





Φii xð Þ ¼
ZZ






;    ; x
Nþ2
N þ 1ð Þ N þ 2ð Þ
 T
: ð4:7bÞ
Eqs. (4.5) and (4.6) represent the closed‐form analytical solutions
for the 3D deflection of variable stiffness composite beams subject to
non‐uniformly distributed loads. Once boundary conditions are
applied, constants of integration Ci; i ¼ 1;2; . . . ;6 can be determined.
It is also noted that while power series are employed in the current
work, any type of appropriate series can be used in the proposed
approach.
5. Numerical results
In this section a number of composite beams with constant stiffness
as well as variable stiffness are presented. For all numerical examples,
a slender composite beam with a rectangular cross‐section is consid-
ered. Table 4 shows the material and geometric properties used for
the slender beam. For comparison and benchmarking purposes, the
results are given to 10 decimal places, despite the fact that in real‐
life problems they are not considered to be meaningful. It is also noted
that the details of Chebyshev collocation method (CCM) implementa-
tion can be found in Appendix B.
Table 6
Tip deformation of extension-twist coupled cantilever beam ( 453= 453½ )
under non-uniformly distributed loads.
Linearly distributed load (qφ ¼ 0:004xN)
Exact Analytical CCM
u (m) 0.0000094299 0.0000094299 0.0000094299
φ (rad) 0.0607763239 0.0607763240 0.0607763239




u (m) 0.0000022512 0.0000022512 0.0000022512
φ (rad) 0.0145092786 0.0145092786 0.0145092789
Table 7
Tip deformation of extension-bend coupled cantilever beam ( 03=903½ ) under
non-uniformly distributed loads.
Linearly distributed load (qz ¼ 0:004x N=m)
Exact Analytical CCM
u (m) 0.0000070724 0.0000070724 0.0000070724
w (m) 0.0321307287 0.0321307287 0.0321307287




u (m) 0.0000013388 0.0000013388 0.0000013388
w (m) 0.0064715752 0.0064715752 0.0064714307
Table 8
Tip deformation of unsymmetric cantilever beam ( 603=303½ ) under non-
uniformly distributed loads.
Linearly distributed load (qz ¼ 0:004x N=m)
Exact Analytical CCM
u (m) −0.0000048161 −0.0000048161 −0.0000048161
φ (rad) −0.0292043302 −0.0292043302 −0.0292043302
w (m) 0.0572150689 0.0572150689 0.0572150689




u (m) −0.0000009117 −0.0000009117 −0.0000009117
φ (rad) −0.0055284892 −0.0055284892 −0.0055283464
w (m) 0.0115239098 0.0115239098 0.0115236526
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In order to validate the proposed approach a constant stiffness can-
tilever composite beam with constant fibre orientation is considered.
The numerical results obtained from current approach are compared
against those obtained from the exact solution presented in [21]. Dif-
ferent stacking sequences with different coupling terms are considered
herein:
1. Symmetric 453½ s with bend‐twist coupling,
2. Antisymmetric 453= 453½  with extension‐twist coupling,
3. Cross‐ply 03=903½  with extension‐bend coupling,
4. Unsymmetric 603=303½  with bend‐twist, extension‐twist and
extension‐bend coupling.
The stiffness matrices are obtained from closed‐form expressions
presented by Yu and Hodges [36]. Tables 5–8, show numerical results
for the tip deflections of cantilever under the action of linearly dis-
tributed and sinusoidally distributed loads. For all test cases, excellent
agreement is observed between different sets of results. It is worth not-
ing that the excellent agreement observed between the exact results of
[21] and those of the current work may be attributed to the fact that
the proposed solutions in this work are not based on the discretisation
of the unknown variables. The series representation is just used to
express the final solutions in closed‐form. In other words, first the
problem is solved exactly (Eqs. (3.6) and (3.8)), then these exact solu-
tions are expressed in closed‐from using power series. Actually, just
integrands are approximated in Eqs. (3.6) and (3.8), which does not
introduce significant error in the case of sufficiently smooth functions.
Thus, as expected, in the case of constant stiffness beams in which inte-
grands are smooth and relatively simple functions, very close concor-
dance is observed in Tables 5–8, between the analytical results
proposed in this work and the exact results of [21]. Additionally, as
previously mentioned, CCM has been shown to be highly accurate in
beam problems, so generally very good agreement is observed
between the numerical results of CCM and those of analytical solutions
while in some cases CCM results deviate a little from those of analyt-
ical solution.
5.2. Variable stiffness composite beams
In this section a number of variable stiffness composite beams
made by fibre steering, subject to non‐uniformly distributed load
and with different boundary conditions are presented. Employing
the closed‐form expressions given by [36], the stiffness properties dis-
tribution is obtained as a function of beam axial coordinate “x” . To
study the effects of different coupling terms on the static response of
variable stiffness composite beams, the following stacking sequences
are considered:Table 5
Tip deformation of bend-twist coupled cantilever beam ( 453½ s) under non-
uniformly distributed loads.
Linearly distributed load (qz ¼ 0:004x N=m)
Exact Analytical CCM
φ (rad) −0.0324433326 −0.0324433326 −0.0324433326
w (m) 0.0710164499 0.0710164499 0.0710164499




φ (rad) −0.0061416445 −0.0061416447 −0.0061414859
w (m) 0.0143036997 0.0143036997 0.0143033804
5
1. Symmetric θ3½ s with bend‐twist coupling,
2. Antisymmetric θ3= θ3½  with extension‐twist coupling,
3. Unsymmetric θ3=03½  with bend‐twist, extension‐twist and
extension‐bend coupling.
where the fibre angle θ varies linearly along the beam span as:
θ xð Þ ¼ θtθr
‘
x þ θr , where θr is the fibre angle at x ¼ 0; θt is the fibre
angle at x ¼ ‘; θr ¼ 0 and θt ¼ 45. The distribution of stiffness prop-
erties for each lay‐up is shown in Figs. 2–4.
The numerical results for the static response of variable stiffness
composite beams with various boundary conditions and stacking
sequences subject to non‐uniformly distributed loads are presented
in the following subsections. It is also worth noting that in order to
construct the power series using a curve fitting approach, twenty sam-
pling points are chosen which are distributed evenly along the beam
length and the integrands are approximated accordingly which is
shown to be sufficiently accurate.
Fig. 2. Distribution of stiffness properties, symmetric θ3½ s.
Fig. 3. Distribution of stiffness properties, asymmetric θ3= θ3½ .
Fig. 4. Distribution of stiffness properties, unsymmetric θ3=03½ .
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6
Table 9
Tip deformation of bend-twist coupled cantilever beam ( θ3½ s) under non-
uniformly distributed loads.
Linearly distributed load (qz ¼ 0:01xN)
Analytical CCM
φ (rad) −0.0469687194 −0.0469687194
w (m) 0.0354972571 0.0354972571
Parabolic distributed load (qz ¼ 0:01x2 þ 0:01N)
Analytical CCM
φ (rad) −0.0206670142 −0.0206670244
w (m) 0.0176764127 0.0176764198




φ (rad) −0.0307536589 −0.0307536589
w (m) 0.0255147604 0.0255147604
Table 10
Tip deformation of extension-twist coupled cantilever beam ( θ3= θ3½ ) under
non-uniformly distributed loads.
Linearly distributed load (qφ ¼ 0:001xN)
Analytical CCM
φ (rad) 0.0285741886 0.0285741928
u (m) 0.0000021463 0.0000021463
Parabolic distributed load (qφ ¼ 0:001x2 þ 0:001 N)
Analytical CCM
φ (rad) 0.0241784665 0.0241781052
u (m) 0.0000013627 0.0000013627




φ (rad) 0.0297069622 0.0297069694
u (m) 0.0000018676 0.0000018676
Table 11
Tip deformation of unsymmetric cantilever beam ( θ3=03½ ) under non-uniformly
distributed loads.
Linearly distributed load (qz ¼ 0:01xN)
Analytical CCM
φ (rad) −0.0210453145 −0.0210453185
u (m) −0.0000026184 −0.0000026184
w (m) 0.0256389470 0.0256389512
Parabolic distributed load (qz ¼ 0:01x2 þ 0:01N)
Analytical CCM
φ (rad) −0.0095198575 −0.0095182262
u (m) −0.0000009585 −0.0000009583
w (m) 0.0137357943 0.0137340564




φ (rad) −0.0141115872 −0.0141115937
u (m) −0.0000014696 −0.0000014696
w (m) 0.0195230072 0.0195230141
Fig. 5. Axial elongation of a cantilever beam under the action of linearly
distributed load for different stacking sequences.
Fig. 6. Twist deformation of a cantilever beam under the action of linearly
distributed load for different stacking sequences.
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distributed loads
A composite cantilever beam subject to various non‐uniformly dis-
tributed load is considered. Numerical results for the tip deflections7
are given based on the analytical solution and the Chebyshev colloca-
tion method (CCM). Tables 9–11, show the tip deflections for different
stacking sequences. For all types of distributed load there is excellent
agreement between the two sets of results. Figs. 5–7 show the compos-
ite beam deformations for different stacking sequences based on the
analytical solution and CCM for linearly distributed load. Deforma-
tions with zero value are not shown. It is clearly observed that the sta-
tic response of variable stiffness composite beam is affected by
different coupling terms.
Fig. 7. Bending deformation of a cantilever beam under the action of linearly
distributed load for different stacking sequences.
Table 12
Maximum deformation of bend-twist coupled simply supported beam ( θ3½ s)
under non-uniformly distributed loads.
Linearly distributed load (qz ¼ 0:1xN)
Analytical CCM
φ (rad) −0.0712544563 −0.0712544563
w (m) 0.0395249232 0.0395249232




φ (rad) −0.0961780046 −0.0961780046
w (m) 0.0580173717 0.0580173717
Table 13
Maximum deformation of extension-twist coupled simply supported beam
( θ3= θ3½ ) under non-uniformly distributed loads.
Linearly distributed load (qφ ¼ 0:01xN)
Analytical CCM
φ (rad) 0.0385826815 0.0385826807
u (m) 0.0000030274 0.0000030274




φ (rad) 0.0662356439 0.0662356417
u (m) 0.0000043242 0.0000043242
Table 14
Maximum deformation of unsymmetric simply supported beam ( θ3=03½ ) under
non-uniformly distributed loads.
Linearly distributed load (qz ¼ 0:1xN)
Analytical CCM
φ (rad) −0.0188198375 −0.0188198376
u (m) −0.0000032672 −0.0000032672
w (m) 0.0219769883 0.0219769885




φ (rad) 0.0259152902 0.0259152903
u (m) 0.0000039655 0.0000039655
w (m) 0.0339815869 0.0339815873
Fig. 8. Axial elongation of a simply supported beam under the action of
sinusoidal distributed load for different stacking sequences.
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uniformly distributed load
A variable stiffness composite beam simply supported at both ends
under the action of non‐uniformly distributed load is considered in this
section. The values of the maximum deformations are presented in
Tables 12–14 based on the analytical solution and the CCM. Excellent
agreement is observed between the analytical results and those of the
CCM for all cases. Figs. 8–10 show the deformed configuration of vari-
able stiffness composite beams for different stacking sequences based8
on the two methods for sinusoidal non‐uniformly distributed load.
For the sinusoidal load case the loading and boundary conditions are
symmetric. For symmetric θ3½ s and unsymmetric θ3=03½  stacking
sequences, the deformation in w occurs directly due to the applied
load. However, the maximum value of w does not occur necessarily
at the mid‐span which is due to the fact that bending stiffness EIy
decreases from x ¼ 0 to x ¼ ‘. Axial elongation u and twist φ occur
as a results of coupling terms. Due to the symmetric loading and
boundary conditions, the internal shear force in the z direction is dis-
tributed symmetrically along the beam span with a zero value at the
mid‐span. It is clear that a spanwise location exists where w000 becomes
zero. From the constitutive equations, w000 is observed to be propor-
tional to φ00 and/or u00. Consequently, at a specific location the values
of φ00 and/or u00 are zero, so a change of curvature in u and φ is
expected. Considering the symmetric loading and boundary condi-
tions, the values of u and φ should inevitably have two local extrema.
It is worth mentioning that the complicated behaviour of variable
stiffness composite beams is highly influenced by the distribution of
stiffness properties, loading and boundary conditions and it is not nec-
essarily intuitive to interpret their static behaviour.
Fig. 9. Twist deformation of a simply supported beam under the action of
sinusoidal distributed load for different stacking sequences.
Fig. 10. Bending deformation of a simply supported beam under the action of
sinusoidal distributed load for different stacking sequences.
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A closed‐form analytical solution is presented for the first time for
the fully coupled 3D static deflection of variable stiffness composite
beams subject to non‐uniformly distributed loads. Based on Euler‐
Bernoulli theory, the governing differential equations with variable
coefficients are presented and expressed in a compact matrix form
where all degrees of freedom, namely: bending in two principal direc-
tions; twist and axial elongation are fully coupled. Engineering con-
stants are used to express the entries of the stiffness matrix allowing
the behaviour of the beams with arbitrary cross‐sections to be consid-9
ered in a unified framework. Compared to uniform loads, arbitrary
non‐uniformly distributed loads introduce mathematical complica-
tions to obtain closed‐form solutions. However, in the current work,
the general analytical solutions are derived by direct integration,
and series expansion representation is employed to obtain the
closed‐form expressions. Additionally, in order to verify the analytical
solution, the accurate and computationally efficient method of Cheby-
shev collocation is also applied. A slender variable stiffness beam with
rectangular cross‐section made by fibre steering subject to non‐
uniformly distributed loads with various boundary conditions is con-
sidered to obtain the numerical solution. A span‐wise linearly varying
fibre angles are assumed and three types of stacking sequences show-
ing various combinations of coupling terms are considered to show the
effects of anisotropy on the static deflection. The results obtained from
the analytical solution and the Chebyshev collocation method are
shown to be in excellent agreement. The complicated static behaviour
of variable stiffness composite beams is not a trivial matter to study
intuitively. However, the proposed solutions, while offering unique
characteristics compared to the available solutions, such as being
3D, fully coupled and applicable to anisotropic beams with arbitrary
cross‐sections, present a reliable and efficient means for future investi-
gations and engineering design studies.
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Appendix A. Derivation of governing equations
In order to be self‐contained, the procedure of obtaining the gov-
erning equations and boundary conditions of a variable stiffness
Euler‐Bernoulli composite beam is reported herein from Masjedi and
Weaver [20].
The principle of virtual work is expressed as:Z ‘
0
δWint  δWextð Þdx ¼ 0; ðA:1Þ
where δWint and δWext are the variations of internal and external works
respectively.






where vector of strains ɛ and stiffness matrix S are written as:
ɛ ¼ u0 φ0  w00 v00½ T ; ðA:3aÞ
S ¼
EA xð Þ SET xð Þ SEF xð Þ SEL xð Þ
SET xð Þ GJ xð Þ SFT xð Þ SLT xð Þ
SEF xð Þ SFT xð Þ EIy xð Þ SFL xð Þ











where displacement vector U and vector of external loads q are written
as:
U ¼ u φ w v½ T ; ðA:5aÞ
q ¼ qx qφ qz qy
h iT
; ðA:5bÞ




0 EA xð Þu0 þ SET xð Þφ0  SEF xð Þw00 þ SEL xð Þv00ð Þf
þδφ0 SET xð Þu0 þ GJ xð Þφ0  SFT xð Þw00 þ SLT xð Þv00ð Þ
δw00 SEF xð Þu0 þ SFT xð Þφ0  EIy xð Þw00 þ SFL xð Þv00
 











Substituting Eqs. (A.6) and (A.7) into Eq. (A.1), the set of governing
differential equations with variable coefficients are obtained as:
δu : EA xð Þu0  SET xð Þφ0 þ SEF xð Þw00  SEL xð Þv00ð Þ0 ¼ qx ðA:8aÞ
δφ : SET xð Þu0  GJ xð Þφ0 þ SFT xð Þw00  SLT xð Þv;xð Þ0 ¼ qφ ðA:8bÞ
δw : SEF xð Þu0  SFT xð Þφ0 þ EIy xð Þw00  SFL xð Þv00
 00 ¼ qz ðA:8cÞ
δv : SEL xð Þu0 þ SLT xð Þφ0  SFL xð Þw00 þ EIz xð Þv00ð Þ00 ¼ qy : ðA:8dÞ
At x ¼ 0 and x ¼ ‘, boundary conditions can be expressed as
follows:
u¼ 0 or EA xð Þu0 þSET xð Þφ0 SEF xð Þw00 þSEL xð Þv00 ¼0 ðA:9aÞ
φ¼0 or SET xð Þu0 þGJ xð Þφ0 SFT xð Þw00 þSLT xð Þv00 ¼ 0 ðA:9bÞ
w0 ¼0 or SEF xð Þu0 SFT xð Þφ0 þEIy xð Þw00 SFL xð Þv00 ¼0 ðA:9cÞ
v0 ¼ 0 or SEL xð Þu0 þSLT xð Þφ0 SFL xð Þw00 þEIz xð Þv00 ¼ 0 ðA:9dÞ
w¼ 0 or SEF xð Þu0 þSFT xð Þφ0 EIy xð Þw00 þSFL xð Þv00
 0 ¼0 ðA:9eÞ
v¼0 or SEL xð Þu0 SLT xð Þφ0 þSFL xð Þw00 EIz xð Þv00ð Þ0 ¼ 0; ðA:9fÞ
Using matrices (2.3), the governing Eqs. (4.8) and boundary condi-
tions (4.9) are written in a compact matrix form:
A xð Þ u
φ
 0







BT xð Þ u
φ
 0




























A xð Þ u
φ
 0







 BT xð Þ u
φ
 0







BT xð Þ u
φ
 0






: ðA:12cÞ10Appendix B. Chebyshev collocation method
The Chebyshev collocation method (CCM) is applied as an alterna-
tive numerical solution for Eq. (4.8). For this purpose, unknown vari-
ables u; v; w and φ are discretised using the Chebyshev polynomials,
and the Chebyshev points are employed as the collocation points. The
Chebyshev polynomial of the first kind in x and of degree n is defined
as [20]:
Tn xð Þ ¼ cos nθð Þ when x ¼ cos θ; 1 ⩽ x ⩽ þ1; n ¼ 0; 1; . . .
ðB:1Þ
For an arbitrary interval a ⩽ x ⩽ b the transformed Chebyshev
points are:
xi ¼ 12 aþ bð Þ 
1
2




; i ¼ 1; 2; . . . ;N þ 1; ðB:2Þ
where N is the highest degree of the Chebyshev polynomials.





aiTi xð Þ; φ ¼ ∑
N
i¼0
biTi xð Þ; w ¼ ∑
N
i¼0
ciTi xð Þ; v ¼ ∑
N
i¼0
diTi xð Þ: ðB:3Þ
Eqs. (B.3) are substituted into Eqs. (4.8) and the residuals at the
Chebyshev points are set equal to zero. It is worth mentioning that
in order to have a well‐posed system of 4 N þ 1ð Þ equations in con-
junction with the boundary conditions (4.9), the same approach pro-
posed by [20] is followed herein: in the case of u and φ, the
equations associated with the residuals at the first and the last Cheby-
shev points are eliminated, whereas in the case of w and v, those equa-
tions associated with the first two and the last two Chebyshev points
from Eq. (B.2) are discarded systematically. Finally, unknown coeffi-
cients ai; bi; ci and di where i ¼ 0;1;2; . . . ;N are determined solving
the system of linear equations.
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